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VARIATIONS IN THE DISTRIBUTION
OF PRINCIPALLY POLARIZED ABELIAN VARIETIES
AMONG ISOGENY CLASSES
EVERETT W. HOWE
Abstract. We show that for a large class of rings R, the number of principally polarized abelian varieties
over a finite field in a given simple ordinary isogeny class and with endomorphism ring R is equal either
to 0, or to a ratio of class numbers associated to R, up to some small computable factors. This class of
rings includes the maximal order of the CM field K associated to the isogeny class (for which the result was
already known), as well as the order R generated over Z by Frobenius and Verschiebung.
For this latter order, we can use results of Louboutin to estimate the appropriate ratio of class numbers
in terms of the size of the base field and the Frobenius angles of the isogeny class. The error terms in our
estimates are quite large, but the trigonometric terms in the estimate are suggestive: Combined with a
result of Vla˘dut¸ on the distribution of Frobenius angles of isogeny classes, they give a heuristic argument in
support of the theorem of Katz and Sarnak on the limiting distribution of the multiset of Frobenius angles
for principally polarized abelian varieties of a fixed dimension over finite fields.
1. Introduction
In this paper we consider the problem of estimating the number of isomorphism classes of principally
polarized abelian varieties (A, λ) such that A lies in a given isogeny class of simple ordinary abelian varieties
over a finite field. We approach this problem by subdividing isogeny classes into their strata, which are the
subsets of an isogeny class consisting of abelian varieties sharing the same endomorphism ring. (To avoid
awkward locutions, we will say that a principally polarized variety (A, λ) lies in an isogeny class C or a
stratum S when A lies in C or S.)
Our main result concerns strata corresponding to endomorphism rings R that are convenient. A convenient
ring is an order in a CM field with the properties that, first, R is stable under complex conjugation; second,
the real subring R+ of R is Gorenstein; and third, the trace dual of R is generated by its pure imaginary
elements. (We explain these terms and present results on convenient rings in Section 2.) If S is a stratum of
an isogeny class corresponding to a convenient order R, we can express the number of principally polarized
varieties in S in terms of the sizes of the Picard group of R and the narrow Picard group of the maximal
real sub-order R+ of R; the definitions of these groups are also reviewed in Section 2.
Theorem 1.1. Let S be a stratum of an isogeny class of simple ordinary abelian varieties over a finite
field, corresponding to an endomorphism ring R. Suppose that R is convenient and that the norm map NPic
from the Picard group of R to the narrow Picard group of R+ is surjective. Let U be the unit group of R
and let U+>0 be the group of totally positive units of R
+. Then the number of varieties A ∈ S that have
principal polarizations is equal to # kerNPic, and each such A has [U
+
>0 : N(U)] principal polarizations up
to isomorphism, where N is the norm map from R to R+.
Corollary 1.2. Under the hypotheses of Theorem 1.1, the total number of principally polarized varieties
(A, λ) in the stratum S, counted up to isomorphism, is equal to
1
[N(U) : (U+)2]
# PicR
# PicR+
,
where U is the unit group of R and U+ is the unit group of R+. Furthermore, the index [N(U) : (U+)2] is
equal to either 1 or 2, and is equal to 1 if K/K+ is ramified at an odd prime.
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In Section 4 we prove these two results and give some reasonably weak sufficient condition for NPic to
be surjective. Special cases of these results are known already; in the most fundamental case, when R is a
maximal order, these results can be obtained from the work of Shimura and Taniyama [24, § 14], combined
with the theory of canonical lifts. Other examples occur, for instance, in [17, § 8], [13, Proposition 2, p. 583],
and [14, Lemma 19]. But none of the previous results we are aware of apply as generally as Theorem 1.1
and Corollary 1.2.
To every n-dimensional abelian variety A over Fq one associates its characteristic polynomial of Frobe-
nius fA, sometimes called the Weil polynomial of A. This is a polynomial of degree 2n, whose multiset of
complex roots can be written in the form {√
qe±iθj
}n
j=1
for an n-tuple sA = (θ1, . . . , θn) of real numbers, the Frobenius angles of A, normalized so that
(1) 0 ≤ θ1 ≤ θ2 ≤ · · · ≤ θn ≤ pi.
The theorem of Honda and Tate [26, The´ore`me 1, p. 96] gives a complete description of the set of Weil
polynomials. In particular, Tate showed that two abelian varieties over Fq are isogenous if and only if they
share the same Weil polynomial [25], so it makes sense to speak of the Weil polynomial of an isogeny class.
We see that an isogeny class of abelian varieties over a finite field is determined by its Weil polynomial, by
the multiset of roots of its Weil polynomial, and by the multiset of its Frobenius angles. For simple ordinary
isogeny classes, all of the inequalities in Equation (1) are strict.
We will see (Corollary 3.2) that the ring R generated over Z by the Frobenius and Verschiebung of a simple
ordinary abelian variety A is convenient. We call this ring the minimal ring of the isogeny class of A, because
every endomorphism ring of a variety in C contains R, and there are varieties in C with endomorphism ring
equal to R [28, Theorem 6.1, pp. 550–551]. We call the corresponding stratum the minimal stratum of the
isogeny class. Using results of Louboutin, we can (somewhat crudely) estimate the number of principally
polarized varieties in the minimal stratum in terms of the Frobenius angles of the isogeny class. Our theorem
uses the following notation: If {am} and {bm} are two infinite sequences of positive real numbers indexed
by integers m, we write am ∼∼ bm to mean that for every ε > 0 there are positive constants r and s such that
bm ≤ ra1+εm and am ≤ sb1+εm for all m.
Theorem 1.3. Fix an integer n > 0. For each positive integer m, let Cm be an isogeny class of simple
n-dimensional ordinary abelian varieties over a finite field Fqm , and let Rm and Sm be the minimal ring and
minimal stratum for Cm. For each m, let {θm,i}ni=1 be the Frobenius angles for Cm. Let Pm be the number
of principally polarized varieties in Sm. If qm →∞ and if each norm map PicRm → Pic+R+m is surjective,
then
Pm ∼∼ qn(n+1)/4m
∏
i<j
(cos θm,i − cos θm,j)
∏
i
sin θm,i.
The relation indicated by the ∼∼ symbol is a very rough comparison of magnitudes, and indeed, if there is
an ε such that |θm,i − θm,j | > ε and |sin θm,i| > ε for all m, i, and j, then the conclusion of the theorem is
equivalent to saying simply that Pm ∼∼ qn(n+1)/4m . However, if the Frobenius angles of the sequence of isogeny
classes do not stay a bounded distance from one another and from 0 and pi, then the trigonometric factors
on the right hand side of the relation do make a difference. We will see examples of this in Section 7.
The trigonometric factors in Theorem 1.3 may have only a tenuous influence on the asymptotic predictions
of the theorem, but they provided a key motivation for this work. To explain this, let us consider another
approach toward estimating the number of principally polarized abelian varieties in an isogeny class, an
approach that considers the question in terms of limiting distributions.
It is well-known that for a fixed positive integer n, the number of principally polarized n-dimensional
abelian varieties over a finite field Fq grows like
2qn(n+1)/2
as q → ∞, in the sense that the ratio between the two quantities tends to 1; this follows simply from
the existence of an irreducible coarse moduli space for these abelian varieties, together with the fact that
generically a principally polarized abelian variety over a finite field has two twists. On the other hand, the
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number of isogeny classes of n-dimensional abelian varieties over Fq grows like
(2) vn
ϕ(q)
q
qn(n+1)/4
as q →∞, where ϕ is Euler’s totient function and where
(3) vn =
2n
n!
n∏
j=1
(
2j
2j − 1
)n+1−j
(see [6, Theorem 1.1, p. 427]). It follows that the average number of principally polarized varieties per
isogeny class is
2q
vnϕ(q)
qn(n+1)/4.
But there is finer information available. To explain this, we require some notation.
Let Sn be the space of all n-tuples (θj) of real numbers satisfying (1). There is a map from USp2n(q)
to Sn that sends a symplectic matrix M to the multiset of the arguments of the eigenvalues of M . Haar
measure on USp2n(q) gives rise to a measure µn on Sn; this measure is determined by
(4) dµn = cn
∏
i<j
(cos θi − cos θj)2
∏
i
sin2 θi dθ1 · · · dθn,
where cn = 2
n2/pin, so that µn(Sn) = 1.
We also get a measure on Sn from the principally polarized n-dimensional abelian varieties over Fq: For
every open set U of Sn, we set
µn,q(U) = cn,q ·#{principally polarized (A, λ) such that sA ∈ U},
where 1/cn,q is the total number of principally polarized n-dimensional abelian varieties (A, λ) over Fq, so
that µn,q(S) = 1. Katz and Sarnak [15, Theorem 11.3.10, p. 330] proved the following:
Theorem 1.4 (Katz–Sarnak). Fix a positive integer n. As q → ∞ over the prime powers, the measures
µn,q converge in measure to µn.
By considering isogeny classes C of n-dimensional abelian varieties, we get another family of measures.
Given any isogeny class C, we let sC be the n-tuple sA for any A in C. Given a prime power q, we define a
measure νn,q on Sn by setting
νn,q(U) = dn,q ·#{isogeny classes C such that sC ∈ U},
where 1/dn,q is the total number of isogeny classes of n-dimensional abelian varieties over Fq, so that
νn,q(Sn) = 1. Vla˘dut¸ [27, Theorem A, p. 128] proved that the νn,q have a limiting distribution as well:
Theorem 1.5 (Vla˘dut¸). Fix a positive integer n. As q → ∞ over the prime powers, the measures νn,q
converge in measure to the measure νn defined by
(5) dνn = dn
∏
i<j
(cos θi − cos θj)
∏
i
sin θi dθ1 · · · dθn,
where
dn =
1
vnpin
=
n!
(2pi)n
n∏
j=1
(
2j − 1
2j
)n+1−j
.
Consider what this means for a region U ⊂ Sn contained within a small disk around an n-tuple (αi),
where we assume that the αi are distinct and that none of them is equal to 0 or pi. Suppose U has volume u,
with respect to the measure dθ1 · · · dθn. For large q, the number of isogeny classes with Frobenius angles in
U is νn,q(U)/dn,q, and using Equations (2) and (3) we see that this is roughly equal to
1
dn,q
νn(U) ≈ dn
dn,q
u
∏
i<j
(cosαi − cosαj)
∏
i
sinαi
≈ pinuϕ(q)
q
qn(n+1)/4
∏
i<j
(cosαi − cosαj)
∏
i
sinαi.
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On the other hand, the number of principally polarized abelian varieties with Frobenius angles in U is
µn,q(U)/cn,q, which is roughly
2qn(n+1)/2µn(U) ≈ 2qn(n+1)/2 2
n2
pin
u
∏
i<j
(cosαi − cosαj)2
∏
i
sin2 αi.
Therefore, for the isogeny classes with Frobenius angles in U , the average number of principally polarized
varieties per isogeny class is roughly
(6)
2n
2+1
pi2n
q
ϕ(q)
qn(n+1)/4
∏
i<j
(cosαi − cosαj)
∏
i
sinαi.
Conversely, estimates for the number of principally polarized varieties in a given isogeny class — estimates
like our Theorem 1.3 — can be combined with Vla˘dut¸’s result to give a heuristic explanation of the Katz–
Sarnak theorem. This line of reasoning was the initial motivation that led to the present work. It is especially
suggestive that the trigonometric factors in the expression (6) match the those that appear in Theorem 1.3.
A special case of this type of heuristic argument, which is perhaps familiar to some readers, concerns
elliptic curves. The case n = 1 of Theorem 1.4 was proven by Birch [2]. To every elliptic curve E/Fq we can
associate its trace of Frobenius t, which lies in the interval [−2√q, 2√q]. Dividing the trace by 2√q, we get a
normalized trace that lies in the interval [−1, 1]. For each q we can consider the counting measure on [−1, 1]
that tells us what fraction of the elliptic curves over Fq have their normalized traces lying in a given set. Birch
proved that these counting measures converge in measure to the ‘semicircular’ measure, that is, the measure
associated to the differential (2/pi)
√
1− x2 dx. (This is equivalent to the measure µ1 = (2/pi) sin2 θ dθ on S1,
since x = cos θ.)
Now, if t is an integer in the interval [−2√q, 2√q] and if (t, q) = 1, then the number of elliptic curves
over Fq with trace t is H(t
2− 4q), where H denotes the Kronecker class number. But H(−n) grows roughly
as
√
n; more precisely, for every ε > 0 there are positive constants c and d such that
cn1/2−ε < H(−n) < dn1/2+ε
for all positive n ≡ 0, 3 mod 4, so that H(−n) ∼∼ n1/2 for these n (compare [16, Proposition 1.8, p. 656]),
and the average value of H(−n)/√n for discriminants n in quite small intervals is pi/6 (see [3, Theorem 2,
p. 722]). Thus it seems reasonable to expect that the number of elliptic curves over Fq with trace t will be
about c
√
4q − t2 on average, for some constant c. Scaling this down, we find that for any x in [−1, 1], we
expect there to be about c′
√
1− x2 ∆x elliptic curves over Fq having scaled traces in a small interval of size
∆x near x. As q increases the constant c′ will have to tend to 2/pi, and we find that we are led to believe
that the counting measures should converge to the semi-circular measure.
(Gekeler [8] shows how the crude approximation that “H(n) grows like
√
n” can be modified with local
factors in order to make this interpretation of Birch’s result more rigorous, at least in the case of finite prime
fields. Achter and Gordon [1] provide an alternate explanation for Gekeler’s work, and extend it to arbitrary
finite fields.)
Unfortunately, there seems to be little hope of turning this heuristic argument into an actual proof of
Theorem 1.4. We find it interesting, nevertheless, that the trigonometric factors in the measure given
by Equation (4) get split evenly between the measure defined by Equation (5) and the approximation in
Theorem 1.3.
The structure of this paper is as follows: In Section 2 we explore the properties of convenient orders, give
some examples, and define a norm map from the invertible ideals of a convenient order to the invertible ideals
of its real suborder. In Section 3 we look at convenient orders related to isogeny classes of abelian varieties.
In Section 4 we use Deligne’s equivalence [5] between the category of ordinary abelian varieties over a finite
field and the category of Deligne modules [11] to prove Theorem 1.1 and Corollary 1.2. In Section 5 we review
a theorem of Louboutin [18] on minus class numbers of CM fields and extend it to apply to convenient orders.
We apply the theorem to the minimal orders of isogeny classes and obtain Theorem 1.3. In Section 6 we give
some examples that show that while the average number of principally polarized varieties in a given isogeny
class is given by Equation (6), there are isogeny classes for which this number is significantly larger than the
average value. Finally, in Section 7 we give examples showing that the trigonometric terms in Theorem 1.3
are necessary.
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2. Convenient orders
In this section we define convenient orders and prove some results about them. The definition involves
the concept of Gorenstein rings. Most of what we will need to know about Gorenstein rings can be found in
the paper of Picavet-L’Hermitte [22]. In particular, we will use the following facts:
(1) An order R in a number field K is Gorenstein if and only if its trace dual is invertible as a fractional
R-ideal [22, Proposition 4, p. 20]; here the trace dual R† of R is the set of elements x ∈ K such that
TrK/Q(xR) ⊆ Z.
(2) An order R in a number field K is Gorenstein if and only if every fractional R-ideal A with EndA = R
is invertible [22, Proposition 4, p. 20].
(3) A ring that is a complete intersection over Z is Gorenstein [19, Theorem 21.3, p. 171], and in
particular every monogenic order Z[α] is Gorenstein.
Let K be a CM field, that is, a totally imaginary quadratic extension of a totally real number field K+.
We refer to the nontrivial involution x 7→ x of K/K+ as complex conjugation, and we say that an element
of K is pure imaginary if it is negated by complex conjugation.
Definition 2.1. We call an order R in K convenient if it satisfies the following properties:
(1) R is stable under complex conjugation;
(2) the order R+ := R ∩K+ of K+ is Gorenstein;
(3) the trace dual R† of R is generated (as a fractional R-ideal) by its pure imaginary elements.
We call the ring R+ from property (2) the real subring of R.
Proposition 2.2. Every convenient order is Gorenstein.
Proof. Let ι be a pure imaginary element of R. By assumption R† is generated by its pure imaginary
elements, so ι−1R† = (ιR)† is generated by its totally real elements. Since clearly (ιR : ιR) = R we have
((ιR)† : (ιR)†) = R. Let I be the fractional R+-ideal (ιR)†∩K+. Then IR = (ιR)† because (ιR)† is generated
by its totally real elements, and since ((ιR)† : (ιR)†) = R we must have (I : I) = R+. By assumption, R+
is Gorenstein, and therefore I is invertible, so there is a fractional R+-ideal J with IJ = R+. Then we have
(IR)(JR) = R, so IR = (ιR)† is an invertible fractional R-ideal. It follows that R† is invertible, so R is
Gorenstein. 
Proposition 2.3. The maximal order O of K is convenient.
Proof. The maximal order O clearly is stable under complex conjugation, and the real suborder O+ is the
maximal order of K+. Maximal orders are Gorenstein (because their trace duals are invertible), so O satisfies
the first two conditions of Definition 2.1. For the third, we note that the trace dual of O is generated by
pure imaginary elements if and only if its inverse — the different of O — is generated by pure imaginary
elements. Now, the different of O is the product of the different of O+ and the relative different of O over
O+, so it suffices to show that the relative different can be generated by pure imaginary elements. We know
([20, Theorem 4.16, p. 151], [21, Theorem 2.5, p. 198]) that the relative different is generated by the elements
f ′α(α) for all α ∈ O \ O+, where fα is the minimal polynomial of α over K+ and f ′α is the derivative of fα.
But f ′α(α) is equal to α− α, which is clearly pure imaginary. 
Proposition 2.4. Let R be an order in K that is stable under complex conjugation and whose real subring
R+ of R is Gorenstein. If there are elements α and β of K and invertible fractional ideals A and B of R+
such that R = Aα⊕Bβ, then R is convenient.
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Proof. By hypothesis, R satisfies the first two conditions in Definition 2.1, so we need only check the third.
The trace dual of R is the product of the trace dual of R+ with the relative trace dual D of R over R+.
The trace dual of R+ is obviously generated by totally real elements, so we just need to check that D is
generated by pure imaginary elements.
Set
α∗ =
β
αβ − αβ and β
∗ =
α
βα− βα.
We note that
TrK/K+ αα
∗ = TrK/K+ ββ∗ = 1 and TrK/K+ αβ∗ = TrK/K+ βα∗ = 0,
so the relative trace dual D of R is
D = A−1α∗ +B−1β∗
and we have
(αβ − αβ)ABD = Aα+Bβ = R.
Since A and B are fractional R+-ideals and αβ − αβ is pure imaginary, we see that D is generated as a
fractional R-ideal by pure imaginary elements. 
We close this section by showing that there is a natural norm map from the invertible ideals of a convenient
ring to the invertible ideals of its real subring. We prove the statement in a more general context.
Lemma 2.5. Let L/K be a quadratic extension of number fields, with nontrivial involution x 7→ x. Let S
be an order of L that is stable under the involution, and let R = S ∩K. For every invertible fractional ideal
B of S, there is a unique invertible fractional ideal A of R such that A⊗R S = BB.
We call the ideal A the norm of B.
Proof. Let InvS denote the group of invertible fractional ideals of S, and for each prime q of S let PrinSq
denote the group of principal fractional ideals of the localization Sq. Then the map that sends an ideal to
its localizations gives an isomorphism
(7) InvS →
⊕
primes
q ofS
PrinSq
(see [21, Proposition 12.6, p. 75]). The inverse isomorphism is given by sending a collection (Bq)q of principal
fractional ideals (viewed as subsets of L) to their intersection
⋂
qBq. For each prime q, we will define the
norm map on the image of PrinSq in InvS; this will suffice to define the norm on all of InvS.
Suppose q is a prime of S, let p be the prime of R lying under q, and suppose Bq is a principal fractional
ideal of Sq. Let B be the invertible ideal of S whose image in the right-hand side of (7) is trivial in every
component except the q-th, where it is Bq. Let b ∈ L∗ be an element that generates Bq as an Sq-module.
Suppose q is stable under complex conjugation; then b generates Bq. Let a = bb ∈ K∗. We define N(B)
to be the invertible ideal A of R whose component at every prime other than p is trivial, and whose p-th
component is the principal fractional ideal bRp. Clearly A⊗R S = BB.
Now suppose q is not stable under complex conjugation. We claim that there is an b′ ∈ L that generates
Bq and that has the additional property that b
′ ∈ S∗q . It will suffice to prove this in the case where b lies
in S.
If b ∈ S \ q then we may take b′ = 1, so let us assume that b ∈ q. If b ∈ S \ q then we may take b′ = b, so
let us assume that b ∈ q as well. By the Chinese Remainder Theorem we may pick an element z ∈ S such
that z ∈ q and z ≡ 1 mod q. The radical of bSq is qSq, so some power of z lies in bSq; say zn ∈ bSq for some
n ≥ 1.
Let v = b + zn+1, and let b′ = b/v. Note that v/b = 1 + z(zn/b) ∈ 1 + qSq so that v/b, and hence b′, is
an element of S∗q . Note also that v ≡ 1 mod q, so b and b′ generate the same Sq ideal. Thus, this b′ meets
our requirements.
Replace b with b′, and once again let a = bb ∈ K∗. We define N(B) to be the invertible ideal A of R
whose component at every prime other than p is trivial, and whose p-th component is the principal fractional
ideal aRp. We will show that A⊗R S = BB.
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Clearly A⊗R S is trivial at every prime of S that does not lie over p. On the other hand, A⊗R Sq is equal
to bbSq. Since b is a unit in Sq, we see that b is a unit in Sq. Thus, A⊗R Sq = bSq, so that A⊗R S has the
same localization at p as does the product BB. Likewise, A⊗R S and BB have the same localization at q.
Since the two ideals also have the same (trivial) localizations at all primes other than q and q, they must be
equal.
We see that we can define the ideal norm on a set of ideals that generate InvS, so we can define the
norm on all of InvS. We also see that the norm is unique: If there were two distinct invertible ideals of R
that lifted to BB, then their quotient would be a nontrivial ideal E such that E⊗R S = S. We would then
have E ⊆ R, and also that E contains a unit of S. This unit would then also be a unit of R, so E = R,
contradicting the nontriviality of E. 
Remark 2.6. Let R be a convenient order. Recall that the Picard group PicR of R is the group of isomorphism
classes of invertible R-ideals. The narrow Picard group Pic+R+ of the real order R+ is the group of strict
isomorphism classes of invertible R+-ideals, where two invertible R+-ideals A and B are said to be strictly
isomorphic if there is a totally positive element x of K+ such that xA = B. The norm map on invertible
ideals gives us a homomorphism NPic from PicR to Pic
+R+, which we continue to call the norm.
3. Isogeny classes and convenient orders
In this section we show that some rings associated to a simple ordinary isogeny class of abelian varieties
over a finite field are convenient.
Suppose that C is an isogeny class of simple n-dimensional ordinary abelian varieties over a finite field k
with q elements, and let f be its Weil polynomial. Honda–Tate theory shows that f has degree 2n and is
irreducible, and that the number field K defined by f is a CM field. Let K+ be the maximal real subfield
of K, and let pi be a root of f in K.
Proposition 3.1. Let B be a Gorenstein order in K+ that contains pi + pi. Then the ring R = B[pi] is
convenient.
Proof. The minimal polynomial of pi over K+ is x2 − (pi + pi)x + q, so 1 and pi form a basis for R as a
B-module. It follows easily that R is stable under complex conjugation and that R+ = B. The result follows
from Proposition 2.4. 
Corollary 3.2. The order R = Z[pi, pi] of K is convenient.
Proof. It is not hard to show that one basis for R as a Z-module is
{1, pi, pi, pi2, pi2, . . . , pin−1, pin−1, pin},
and from this one sees that R+ = Z[pi + pi]. The ring R+ is Gorenstein because it is integral over Z and
monogenic. The corollary follows from Proposition 3.1. 
Example 3.3. Here we give an example that shows that an order can satisfy conditions (1) and (2) of
Definition 2.1, without also satisfying condition (3). Let p = 19 and let f be the ordinary irreducible Weil
polynomial x4 − 4x3 + 10x2 − 4px+ p2, corresponding to an isogeny class of abelian surfaces over Fp. One
checks that pi + pi = 2 + 4
√
2 for a choice of
√
2 in K.
Let R be the Z-module generated by
1, 2
√
2,
pi − pi
2
, and
(pi − pi)√2
2
.
Using the fact that (pi− pi)2/4 = −10 + 4√2, we see that R is closed under multiplication and is therefore a
ring. We will show that R satisfies the first two conditions for being convenient, but not the third, showing
that the third is not a consequence of the first two.
It is clear that R is stable under complex conjugation, and that R+ = Z[2
√
2]. The ring R+ is Gorenstein
because it is monogenic. Thus R satisfies conditions (1) and (2).
We compute that R† is the Z-module generated by
1
4
,
√
2
16
,
1
2(pi − pi) , and
√
2
4(pi − pi) .
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The pure imaginary elements of R† are the elements of the Z-module generated by
1
2(pi − pi) and
√
2
4(pi − pi) .
The R-module generated by these elements is spanned as a Z-module by
1
4
,
√
2
8
,
1
2(pi − pi) , and
√
2
4(pi − pi) ,
and this has index 2 in R†. Thus, R does not satisfy condition (3) of Definition 2.1, even though it satisfies
conditions (1) and (2).
(Note however that R is Gorenstein: If we let Λ be the Z-module generated by 32−40√2, 136√2, 8(pi−pi),
and 4
√
2(pi − pi), then R†Λ = R, so R† is an invertible fractional R-ideal.)
4. Principally polarized varieties and minus class numbers of orders
In this section we will prove Theorem 1.1 and Corollary 1.2, and we give some conditions under which the
norm map from PicR to Pic+R+ is surjective. Throughout the section we continue to use the notation set
at the beginning of Section 3: k is a finite field with q elements, C is an isogeny class of simple n-dimensional
ordinary abelian varieties over k, f is the Weil polynomial for C (and is irreducible and of degree 2n), K is
the CM field defined by f , K+ is its maximal real subfield, and pi is a root of f in K.
Before we begin the proof of Theorem 1.1, let us make one comment on the restriction to strata corre-
sponding to convenient orders. If A is an abelian variety in C and if A has a principal polarization, then
EndA is stable under complex conjugation because the Rosati involution on (EndA)⊗Q = K associated to
a principal polarization takes EndA to itself, and the only positive involution on K is complex conjugation.
Thus, every stratum of C that contains a principally polarized variety must correspond to an endomorphism
ring R which satisfies condition (1) of Definition 2.1. In general, however, EndA need not be convenient.
Proof of Theorem 1.1. To understand the category of abelian varieties in the ordinary isogeny class C, we turn
to the theory of Deligne modules and their polarizations as set forth in [11], based on Deligne’s equivalence
of categories [5] between ordinary abelian varieties over a finite field and a certain category of modules.
Deligne’s equivalence of categories involves picking an embedding of the Witt vectors over k into the
complex numbers C, and this embedding determines a p-adic valuation v on the algebraic numbers in C.
We let
Φ = {ϕ : K → C | v(ϕ(pi)) > 0}
so that Φ is a CM-type, that is, a choice of half of all the embeddings of K into C, one from each complex-
conjugate pair.
Following [11], we see that the abelian varieties A in S correspond via Deligne’s equivalence to the classes
of fractional ideals A of R with EndA = R, and since R is Gorenstein these are precisely the classes of
invertible fractional R-ideals. According to [11], if A corresponds to (the class of) an ideal A, then the dual
Â of A corresponds to the complex conjugate of the trace dual of A. Let d be the different of R; since R is
stable under complex conjugation, so is d. The trace dual of an invertible R-ideal A is d−1A−1, and we see
that Â corresponds to the class of d−1A−1 in PicR.
An isogeny from one Deligne module A to another B is an element x ∈ K such that xA ⊆ B. The degree
of this isogeny is the index of xA in B. A polarization of A is an isogeny A → Â that satisfies certain
symmetry and positivity conditions. In the category of Deligne modules, a polarization is an isogeny x from
A to d−1A−1 such that x is pure imaginary and such that ϕ(x) is positive imaginary (that is, a positive real
times the element i of C) for every ϕ : K → C in the CM-type Φ.
Fix an arbitrary pure imaginary ι ∈ K such that ϕ(ι) is positive imaginary for every ϕ : K → C in the
CM-type Φ. Then a polarization of a Deligne module A is an isogeny ιx from A to d−1A−1 such that x is a
totally positive element of K+.
It is now easy to characterize the Deligne modules A, with EndA = R, that have principal polarizations.
We see that such an A has a principal polarization if and only if there is a totally positive x ∈ K+ such that
ιxA = d−1A−1. This condition is equivalent to xAA = (ιd)−1.
Since R is convenient, the different d can be generated by pure imaginary elements, so the ideal ιd can
be generated by real elements. Let d′ = (ιd) ∩K+. Then d′ is a fractional R+-ideal with d′R = ιd. In fact,
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we have End d′ = (End ιd) ∩ K+ = R ∩ K+ = R+, and since R+ is Gorenstein, this means that d′ is an
invertible fractional R+-ideal.
Let D be the norm of A. Then the equality xAA = (ιd)−1 of invertible fractional R-ideals is equivalent to
the equality xD = (d′)−1 of invertible fractional R+-ideals. In other words, we see that the abelian variety
corresponding to the class of A in PicR has a principal polarization if and only if this class maps, via the
norm map PicR → Pic+R+, to the class of (d′)−1. Since this norm map is surjective by assumption, the
number of principally polarizable classes [A] is simply the quotient (# PicR)/(# Pic+R+).
Finally, we count the number of distinct principal polarizations (up to isomorphism) on a Deligne module,
given that it has one. Suppose λ and µ are two principal polarizations on a Deligne module A with EndA = R.
Then µ−1λ is an automorphism of A, and it is a totally positive element of R+. Conversely, if u is a totally
positive unit of R+, then uλ is a principal polarization of A.
Two principal polarizations λ and µ are isomorphic if and only if there is an isomorphism α : A → A
such that µ = α̂λα, where α̂ is the dual isogeny of α. The Rosati involution on EndA — which is complex
conjugation — is given by x 7→ λ−1x̂λ, so we find that λ and µ are isomorphic if and only if µ = λαα. Thus,
the isomorphism classes of principal polarizations on A correspond to elements of U+>0 modulo N(U). The
theorem follows. 
Proof of Corollary 1.2. By Theorem 1.1, the total number of principally polarized varieties (A, λ) in the
stratum S, counted up to isomorphism, is equal to
[U+>0 : N(U)]
# PicR
# Pic+R+
,
where U+>0 is the group of totally positive units of R
+. Since U ⊇ U+, we can rewrite this expression as
[U+>0 : N(U)]
# PicR
# Pic+R+
=
[U+>0 : (U
+)2]
[N(U) : (U+)2]
# PicR
# Pic+R+
=
1
[N(U) : (U+)2]
# PicR
# PicR+
.
We are left to prove the statement about the unit index. Hasse [10, Satz 14, p. 54] shows that the index of
(U+)2 in N(U) is either 1 or 2. We will show that if the index is 2, then K/K+ is unramified at all odd
primes.
Suppose v is an element of N(U) not in (U+)2, say with v = N(u) for some u ∈ U \ U+. Then u/u is
an algebraic integer, and for every embedding ϕ of K into C we find that ϕ(u/u) lies on the unit circle;
therefore u/u = ζ for some root of unity ζ. Let n be the smallest positive integer with ζn = 1 and write
n = 2em with m odd. Let a = (1 −m)/2. If we let z = ζau, then N(z) = v, and z/z = ζm is a primitive
2e-th root of unity. Replacing u with z, we find we may assume that n = 2e is a power of 2. Furthermore,
if n = 1 then u = u and N(u) ∈ (U+)2, contrary to assumption, so n > 1 and e > 0.
We see that v = uu = ζu2, so u2
e
= −v2e−1 . If e = 1 then u2 = −v, so K = K+(√−v). If e > 1 then
(u2
e−1
/v2
e−2
)2 = −1, so K = K+(√−1). In both cases K is obtained from K+ by adjoining the square root
of a unit, so K/K+ is unramified at all odd primes. 
Remark 4.1. Suppose S is a stratum corresponding to a convenient order R, and suppose the norm map NPic
is not surjective; say that the cokernel has order n > 1. If the class of (d′)−1 in Pic+R+ is not in the image
of the norm map, then there will be no principally polarized varieties A ∈ C with EndA = R. On the other
hand, if the class of (d′)−1 is in the image of the norm, there will be n(# PicR)/(# Pic+R+) principally
polarizable varieties A ∈ C with EndA = R, and each such variety will have [U+>0 : N(U)] isomorphism
classes of principal polarizations. Likewise, the total number of principally polarized varieties (A, λ) in S,
counted up to isomorphism, will be
n
[N(U) : (U+)2]
# PicR
# PicR+
or 0, depending on whether or not the class of (d′)−1 is in the image of the norm.
Remark 4.2. Let R be the endomorphism ring for a stratum S of an isogeny class. For an alternative
viewpoint on Corollary 1.2, we can consider the group Pic∗R defined by Lenstra, Pila, and Pomerance [17,
§6] as the set of equivalence classes of pairs (B, β), where B is an invertible R-ideal and β is a totally positive
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element of K+ such that N(B) = βR, and where two such pairs (B, β) and (C, γ) are taken to be equivalent
if there is an element α ∈ K∗ such that αB = C and ααβ = γ. This group is sometimes called the Shimura
class group of R.
The group Pic∗R acts on the set X of principally polarized abelian varieties (A, λ) in the stratum S,
as follows: If (A, λ) corresponds to a Deligne module A together with a totally positive x ∈ K+ such that
xAA = (ιd)−1 (with notation as in the proof of Theorem 1.1), then for every (B, β) in Pic∗R we define
(B, β) · (A, λ) to be the principally polarized variety corresponding to the Deligne module BA and the
element x/β ∈ K+. It is easy to see that if the set X is nonempty, then it is a principal homogeneous space
for the group Pic∗R.
Thus, Corollary 1.2 says that when PicR→ Pic+R+ is surjective, the group Pic∗R has order
1
[N(U) : (U+)2]
# PicR
# PicR+
,
and there are this many principally polarized varieties in S. More generally, we find (as in Remark 4.1) that
# Pic∗R =
n
[N(U) : (U+)2]
# PicR
# PicR+
,
where n is the order of the cokernel of the norm map PicR→ Pic+R+.
Next we give some conditions under which the norm map PicR→ Pic+R+ is guaranteed to be surjective.
Suppose R is a convenient order in a CM field K. Let f be the conductor of R+ and let L/K+ be the ray
class field for the modulus of K+ determined by f together with all of the infinite primes.
Proposition 4.3. If K/K+ is not isomorphic to a subextension of L/K+, then the norm map PicR →
Pic+R+ is surjective.
Corollary 4.4. If K/K+ is ramified at a finite prime that does not divide the conductor of R+, then the
norm map PicR→ Pic+R+ is surjective. 
Proof of Proposition 4.3. To better understand the norm map from PicR to Pic+R+, we take [17, §6] as a
model and identify the Picard groups with quotients of certain profinite groups, as follows. Let Ẑ be the
profinite completion of the integers Z; that is, Ẑ = lim←−Z/nZ ∼=
∏
p Zp. For any ring R we let R̂ denote
R⊗Z Ẑ. Then we have
PicR ∼= K̂∗/(R̂∗K∗) and Pic+R+ ∼= (K̂+)∗/((R̂+)∗(K+)∗>0),
where (K+)∗>0 denotes the multiplicative group of totally positive elements of K
+. The norm map on Picard
groups gives us an exact sequence
K̂∗
R̂∗K∗
N // (K̂
+)∗
(R̂+)∗(K+)∗>0
// (K̂
+)∗
(R̂+)∗(K+)∗>0N(K̂∗)
// 1.
Combining this with the analogous sequence for the maximal orders, we obtain the following diagram with
exact rows and columns:
(Ô+)∗(K+)∗>0N(K̂∗)
(R̂+)∗(K+)∗>0N(K̂∗)

K̂∗
R̂∗K∗
N //

(K̂+)∗
(R̂+)∗(K+)∗>0
//

(K̂+)∗
(R̂+)∗(K+)∗>0N(K̂∗)
//

1
K̂∗
Ô∗K∗
N // (K̂
+)∗
(Ô+)∗(K+)∗>0
// (K̂
+)∗
(Ô+)∗(K+)∗>0N(K̂∗)
// 1
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Let m be the modulus consisting of the infinite primes of K+ and the ideal f. We claim that the cokernel of
the map PicR→ Pic+R+ is trivial, under the assumption that K/K+ is not isomorphic to a subextension
of L/K+, the ray class field of K+ modulo m. To prove this, it will suffice to show that the cokernel of the
map PicO → Pic+O+ is trivial and that the group
(8)
(Ô+)∗(K+)∗>0N(K̂∗)
(R̂+)∗(K+)∗>0N(K̂∗)
is trivial.
The extension K/K+ must be ramified at a finite prime, because otherwise it would be contained in
the ray class field of K+ modulo the infinite primes. By [11, Proposition 10.1, p. 2385], it follows that
PicO → Pic+O+ is surjective.
We are left to show that the group (8) is trivial. To do this, it will suffice to show that for every a ∈ (Ô+)∗
we can express a as the product of an element of (K+)∗>0 and an element of (R̂+)
∗ and the norm of an element
of K̂∗.
First let us describe the structure of the profinite groups in question. The group K̂∗ consists of all vectors
(aq)q of O where each aq is a nonzero element of the completion Kq, and where all but finitely many aq lie
in O∗q. The group (Ô+)∗ consists of all vectors (ap)p of O+ where each ap lies in (O+)∗p. The group (R̂+)∗
has an analogous structure, and can also be viewed as a subgroup of (Ô+)∗. For us, it will suffice to observe
that
(R̂+)∗ ⊇ {(ap)p of O+ | ap ≡ 1 mod pe when pe ‖ f}.
Suppose we are given an element a = (ap) of (Ô+)∗. First we choose a totally positive x ∈ O+ such
that if pe ‖ f then x ≡ ap mod pe. The ideal xO+ gives us a class χ in the ray class group modulo m.
Because K/K+ is not isomorphic to a subextension of L/K+, the Chebotare¨v density theorem (applied to
the extension L ·K of K+) shows that there is a prime P of O+ that splits in K, that does not divide f,
and whose image in the ray class group is χ−1. This means that there is an element y of (K+)∗>0 with
y ≡ 1 mod* f such that O+ = xyP.
Let Q be a prime of K lying over P, and let b = (bq) be the element of K̂
∗ such that bq = 1 if q 6= Q and
bQ = xy. Then N(b) is the element of (K̂+)
∗ that is equal to 1 at every prime except P, where it is equal
to xy.
We check that for all pe ‖ f, the p-components of a and of xyN(b) are congruent modulo pe. For all primes
p 6= P that do not divide f, the p-component of xyN(b) is a unit of O+p . Finally, the P-component of xyN(b)
is equal to 1. Therefore, a/(xyN(b)) is an element of
{(ap)p of O+ | ap ≡ 1 mod pe when pe ‖ f},
which is contained in (R̂+)∗. Thus, our element a of (Ô+)∗ is the product of the element xy of (K+)∗>0 and
the element a/(xyN(b)) of (R̂+)∗ and the norm of the element b of K̂∗.
This shows that the cokernel of the map PicR→ Pic+R+ is trivial. 
5. Minus class numbers and discriminants
We continue to use the notation set forth at the beginning of Section 3.
Corollary 1.2 shows that for the strata S corresponding to certain convenient orders R, the number of
principally polarized abelian varieties in S is equal either to hR/hR+ or to (1/2)(hR/hR+), where hR is the
order of the Picard group of R and hR+ is the order of the Picard group of the real subring R
+ of R. We
denote the ratio hR/hR+ by h
−
R, as is commonly done in the case when R is a maximal order, and we call
this ratio the minus class number of R. In the case where R is a maximal order O, a Brauer–Siegel result for
relative class numbers [18] gives us an estimate — a rough estimate, to be sure — for the minus class number
h−O in terms of the ratio ∆O/∆O+ , where ∆O and ∆O+ are the discriminants of O and O+. In this section
we review this result on relative class numbers and consider the case of minus class numbers of convenient
orders that are not maximal. In the case where R is the convenient order Z[pi, pi], we also compute an exact
formula for the ratio ∆R/∆R+ in terms of the Frobenius angles of the isogeny class C. (This argument was
sketched in [12] and given in detail in [9]; we present a derivation here for the reader’s convenience.)
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For CM fields that do not contain imaginary quadratic fields, Louboutin gives effective lower bounds on
h−O that are better than the crude Brauer–Siegel approximations that we discuss here, but for our purposes
the added value of these effective results does not justify the complexity they would add to the discussion.
In some sense, we will be satisfied simply to justify the rough heuristic that “minus class numbers grow like
the square root of the ratio of discriminants,” and we will not try to quantify the known bounds on h−R more
precisely.
Let us make some remarks on the ∼∼ notation set in the introduction. Recall that if {ai} and {bi} are
two sequences of positive real numbers indexed by positive integers i, the expression ai ∼∼ bi means that for
every ε > 0 there are positive constants r and s such that bi ≤ ra1+εi and ai ≤ sb1+εi for all i. The notation
is intended to capture the notion that the elements of the two sequences grow very roughly at the same rate.
The relation ∼∼ is clearly symmetric and transitive. Furthermore, if we have sequences {ai}, {bi}, {ci}, and
{di} with ai ∼∼ bi and ci ∼∼ di, and if f and g are two functions from Z>0 to itself, then
af(i)cg(i) ∼∼ bf(i)dg(i).
Note also that for sequences {ai} and {bi} that tend to infinity, ai ∼∼ bi if and only if (log ai)/(log bi)→ 1.
For a convenient order R, we let ∆R and ∆R+ denote the discriminants of R and R
+, respectively.
Theorem 5.1 (Louboutin). As O ranges over the rings of integers of CM fields of a given degree over Q,
we have h−O ∼∼
√|∆O/∆O+ |.
Proof. This is a combination of [18, Corollary 29, p. 216], which discusses normal CM fields of arbitrary
degree with root-discriminants tending to infinity, and [18, Corollary 32, p. 217], which discusses non-normal
CM fields of fixed degree. 
Theorem 5.2. As R ranges over all convenient orders of a given degree 2n over Q for which the norm map
PicR→ Pic+R+ is surjective, we have h−R ∼∼
√|∆R/∆R+ |.
Proof. Let R be a convenient order in a field K for which PicR → Pic+R+ is surjective, let O be the
maximal order of K, and let O+ be the maximal order of the real subfield K+. By Remark 4.2, we see that
for this order R the relative class number h−R is equal to either # Pic∗R or 2# Pic∗R, so it will suffice to
show that # Pic∗R ∼∼
√|∆R/∆R+ |.
Lenstra, Pila, and Pomerance show [17, Lemma 6.3, p. 125] that the order of Pic∗R is equal to
# Pic∗R = #C · w(R)
2n
· hO regO · w(O
+)
hO+ regO+ · w(O)
· [Ô
∗ : R̂∗]
[(Ô+)∗ : (R̂+)∗]
,
where C is the cokernel of the norm map PicR→ Pic+R+ (which is trivial in our case), where w(R), w(O),
and w(O+) denote the number of roots of unity in these orders, where reg denotes the regulator, and where
the “hat” notation is as in the proof of Proposition 4.3.
We note that the expression
#C · w(R)
2n
· regO · w(O
+)
regO+ · w(O)
is bounded above and below in terms depending only on the degree n, so it will suffice for us to show that
hO
hO+
· [Ô
∗ : R̂∗]
[(Ô+)∗ : (R̂+)∗]
∼∼
√|∆R|√|∆R+ | .
Following [17], we let F be the conductor of R, we set f = F ∩R+ = F ∩ O+, and we define finite rings
A = O/F, B = O+/f ⊆ A, C = R/F ⊆ A, and D = R+/f = B ∩ C.
Then
[Ô∗ : R̂∗]
[(Ô+)∗ : (R̂+)∗]
=
[A∗ : C∗]
[B∗ : D∗]
=
#A∗/#C∗
#B∗/#D∗
,
and by Corollary 5.8 [17, p. 123] and the remark following its proof, we have
#A∗/#C∗
#B∗/#D∗
∼∼ #A/#C
#B/#D
=
[O : R]
[O+ : R+] =
√
∆O/∆R√
∆O+/∆R+
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as R ranges over the convenient orders of a given degree over Q. This gives us
[Ô∗ : R̂∗]
[(Ô+)∗ : (R̂+)∗]
∼∼
√
∆R/∆O√
∆R+/∆O+
,
and combining this with Theorem 5.1 we find that
hO
hO+
· [Ô
∗ : R̂∗]
[(Ô+)∗ : (R̂+)∗]
∼∼
√|∆O|√|∆O+ | ·
√
∆R/∆O√
∆R+/∆O+
=
√|∆R|√|∆R+ | ,
which, as we noted above, is enough to prove the theorem. 
The ring R = Z[pi, pi] from Corollary 3.2 is contained in the endomorphism ring of every abelian variety
A in C, and for this R there is a very nice expression of √|∆R/∆R+ | in terms of Frobenius angles.
Theorem 5.3 (See [9, §2]). Let 0 ≤ θ1 ≤ · · · ≤ θd ≤ pi be the Frobenius angles for the isogeny class C, and
let R be the ring Z[pi, pi]. Then we have√
|∆R/∆R+ | = 2n(n+1)/2qn(n+1)/4
∏
i<j
(cos θi − cos θj)
∏
i
sin θi.
Proof. Clearly R = R+ · 1 +R+ · pi. Arguing as in the proof of Proposition 2.4, we find that the different of
R is pi − pi times the different of R+, and since R+ is generated by pi + pi we see that the different of R+ is
g′(pi + pi), where g is the minimal polynomial of pi + pi. The discriminant ideal is the norm of the different,
so the integers |∆R+ | and |∆R| are given by
|∆R+ | =
∣∣NK+/Q(g′(pi + pi))∣∣ and |∆R| = ∣∣NK/Q(pi − pi)∣∣∆2R+ ,
and we see that
(9) |∆R/∆R+ | =
∣∣NK/Q(pi − pi)∣∣ ∣∣NK+/Q(g′(pi + pi))∣∣ .
The images of pi + pi under the various real embeddings of K+ into R are
√
qeθi +
√
qe−θi = 2
√
q cos θi,
so
(10)
∣∣NK+/Q(g′(pi + pi))∣∣ = 2n(n−1)qn(n−1)/2∏
i<j
(cos θi − cos θj)2.
Similarly, the images of pi − pi in C are the values
√
qeθi −√qe−θi = 2√q√−1 sin θi
and their complex conjugates, so
(11)
∣∣NK/Q(pi − pi)∣∣ = 22nqn∏
i
sin2 θi.
Combining Equations (9), (10), and (11), we find that
|∆R/∆R+ | = 2n(n+1)qn(n+1)/2
∏
i<j
(cos θi − cos θj)2
∏
i
sin2 θi,
and the theorem follows. 
We note that Theorem 1.3 follows from Corollary 1.2, Theorem 5.2, and Theorem 5.3.
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6. Isogeny classes containing many principally polarized varieties
Suppose C is an isogeny class of simple ordinary abelian varieties over Fq, corresponding to a Weil
number pi, and let R = Z[pi, pi] be the minimal ring of C. We say that an abelian variety in C has minimal
endomorphism ring if its endomorphism ring is R.
We saw in Corollary 3.2 that R is a convenient order, so Corollary 4.4 and Corollary 1.2 show that under
a mild hypothesis, the number of principally polarized varieties in C with minimal endomorphism ring is
either h−R or h
−
R/2, where h
−
R is the minus class number of R. Then Theorems 5.2 and 5.3 say that that this
number is very roughly on the order of
qn(n+1)/4
∏
i<j
(cos θi − cos θj)
∏
i
sin θi,
where the θi are the Frobenius angles for the isogeny class. Since this is of the same order as the average
number of principally polarized varieties with Frobenius angles near (θ1, . . . , θn) given by Equation (6), one
might be tempted to think that the principally polarized varieties with minimal endomorphism ring account
for a nontrivial fraction of the principally polarized varieties in C.
The goal of this short section is simply to demonstrate that one should not succumb to this temptation.
Indeed, even for isogeny classes of elliptic curves, the number of curves with minimal endomorphism ring
can be a vanishingly small fraction of the curves in the isogeny class.
Theorem 6.1. For every ε > 0, there is an isogeny class C of ordinary elliptic curves over a finite field such
that the fraction of curves in C with minimal endomorphism ring is less than ε.
Proof. Let C be an isogeny class of ordinary elliptic curves over Fq, say with trace t, and let ∆ = t2− 4q, so
that ∆ is the discriminant of the ring R = Z[pi, pi], where pi is a root of x2 − tx+ q. Write ∆ = F 2∆0 for a
fundamental discriminant ∆0, and for ease of exposition let us suppose that ∆0 is neither −3 nor −4.
The number of elliptic curves in C is equal to the Kronecker class number H(∆) of ∆ (see [23, Theorem 4.6,
pp. 194–195]), which is the sum of the class numbers of all orders that contain R:
H(∆) =
∑
f |F
h(f2∆0).
Let χ be the quadratic character modulo ∆0. Since the only roots of unity in the order of discriminant ∆0
are ±1, we have
h(f2∆0) = h(∆0)f
∏
p|f
(
1− χ(p)p
)
,
so that
H(∆) = h(∆0)
∑
f |F
f
∏
p|f
(
1− χ(p)p
)
= h(∆0)
∏
pe‖F
(
1 +
(
1− χ(p)p
)
(p+ · · ·+ pe)
)
and
H(∆)
h(∆)
=
∏
pe‖F
(
p−e
(
1− χ(p)p
)−1
+ 1 +
1
p
+ · · ·+ 1
pe−1
)
≥
∏
pe‖F
(
1
pe−1(p+ 1)
+
pe − 1
pe−1(p− 1)
)
≥
∏
p|F
(
p+ 2
p+ 1
)
so
h(∆)
H(∆)
≤
∏
p|F
(
p+ 1
p+ 2
)
.(12)
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Now, the product
∏
p
(
p+1
p+2
)
diverges to 0, so to prove the theorem we need only show that for every
integer m > 0, there are isogeny classes C for which the conductor of the minimal endomorphism ring is
divisible by m.
Suppose we are given an m > 0. Let ∆0 < −4 be a fundamental discriminant and let n = m2|∆0|. Let p
be a prime of the form x2 + ny2 (see [4, Theorem 9.2, p. 163]), and let t = 2x. Then t2 < 4p and p - t, so by
a result of Deuring (see [23, Theorem 4.2, p. 193]) there is an isogeny class of elliptic curves over Fp with
trace t. We see that the discriminant ∆ of this isogeny class is
∆ = t2 − 4p = 4x2 − 4(x2 +m2|∆0|y2) = m2y2∆0,
so the conductor for the minimal endomorphism ring is my, and is divisible by m, as we wished to show. 
7. Examples
In this section, we give three families of strata of abelian surfaces such that, in the notation of Theorem 1.3,
we do not have Pm ∼∼ q3/2m , but instead have Pm ∼∼ q5/4m (for the first family), Pm ∼∼ qm (for the second), and
Pm ∼∼ q1/2m (for the third). This shows that the trigonometric factors in Theorem 1.3 are essential.
We repeatedly use the fact that if a polynomial of the shape f = x4 + ax3 + bx2 + aqx+ q2 is irreducible
and defines a CM field, where q is a power of a prime and where the middle coefficient b is coprime to q,
then f is the Weil polynomial of an isogeny class of ordinary abelian surfaces over Fq; see [11, § 3].
Example 7.1. For every prime p that is congruent to 7 modulo 8, let ap be the largest integer less than√
p− 1, and let fp be the polynomial
fp = x
4 − 2apx3 + (a2p + p)x2 − 2appx+ p2.
We claim that fp is the Weil polynomial of a simple ordinary isogeny class over Fp. Since the middle
coefficient of fp is clearly coprime to p, it will be enough for us to show that the algebra K = Q[x]/(fp) is a
CM field.
Let pi be the image of the polynomial variable x in K and let pi = p/pi. We check that α := pi+pi satisfies
α2 − 2apα + a2p − p = 0, so that α = ap + s where s2 = p. Therefore the algebra K contains the quadratic
field K+ = Q(
√
p). In fact, K is the extension of K+ obtained by adjoining a root of y2 − αy + p, so to
show that K is a CM field we just need to show that α2 − 4p is totally negative. But this is clear, because
under the two embeddings of K+ into R the element α2 gets sent to real numbers smaller than 4p. Thus,
fp is the Weil polynomial of a simple ordinary isogeny class Cp of abelian surfaces over Fp.
Let Rp = Z[pi, pi] be the minimal ring for Cp. As we have just seen, R+p contains a square root of p and is
therefore the maximal order of K+.
We claim that the extension K/K+ is ramified at an odd prime. We prove this by contradiction: Since
K is obtained from K+ by adjoining a square root of α2 − 4p, if K/K+ were unramified at all odd primes
then the norm of α2 − 4p would be either a square or twice a square. We compute that
NK+/Q(α
2 − 4p) = (p− a2p)(9p− a2p),
and since ap is coprime to p, the greatest common divisor of the two factors is a divisor of 8. Thus, if
this norm were a square or twice a square, each factor would also be. But there is no integer b such that
p = a2p + b
2 or p = a2p + 2b
2, because p ≡ 7 mod 8. Therefore, K/K+ is ramified at an odd prime.
Let Sp be the minimal stratum of Cp and let Pp be the number of isomorphism classes of principally
polarized varieties in Sp. Since Rp is the minimal order of Cp, it is convenient by Corollary 3.2. Since R+p is
the maximal order of K+ it has trivial conductor, and since K/K+ is ramified at an odd prime, Corollary 4.4
tells us that the norm map PicRp → Pic+R+p is surjective. Then from Corollary 1.2 we find that Pp = h−Rp ,
the minus class number of Rp.
As we noted at the beginning of the proof of Theorem 5.3, we have∣∣∆Rp ∣∣ = ∣∣NK/Q(pi − pi)∣∣∆2R+p .
Since
∣∣NK/Q(pi − pi)∣∣ = NK+/Q(α2 − 4p), we find that ∣∣∆Rp ∣∣ = (p− a2p)(9p− a2p)(4p)2 and∣∣∆Rp/∆R+p ∣∣ = 4p(p− a2p)(9p− a2p).
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If we write ap =
√
p− ε for a real number ε in the interval (1, 2), then∣∣∆Rp/∆R+p ∣∣ = 4p(2ε√p− ε2)(8p+ 2ε√p− ε2),
so we have
32p5/2 <
∣∣∆Rp/∆R+p ∣∣ < 144p5/2
Thus, Theorem 5.2 says that as p→∞ we have Pp ∼∼ p5/4.
Example 7.2. For every prime p that is congruent to 7 modulo 8, we let fp be the polynomial
fp = x
4 + x3 + (2p− 1)x2 + px+ p2.
Again we claim that the polynomial fp is the Weil polynomial of a simple ordinary isogeny class Cp over Fp,
and since its middle coefficient is visibly coprime to p, all we must show is that the algebra K = Q[x]/(fp)
is a CM field.
Let pi be the image of the polynomial variable x in K, let pi = p/pi, and let α = pi + pi. We calculate that
α2 + α− 1 = 0, so K contains the quadratic field K+ = Q(√5). We obtain K from K+ by adjoining a root
of y2 − αy + p, and since the discriminant α2 − 4p is totally negative (because the images of α2 in the real
numbers are both smaller than 3), K is a CM field and our claim is verified.
There are only two totally imaginary quadratic extensions of Q(
√
5) that are not ramified at an odd
prime, namely Q(
√
5,
√−1) and Q(√5,√−2). One checks that every prime of Q(√5) lying over p is inert
in both of these extensions, because p ≡ 7 mod 8, so neither of these CM fields contains an element β with
ββ = p. In particular, since pipi = p, we see that K is neither of these fields, so K/K+ is ramified at an odd
prime.
Let Rp and Sp be the minimal ring and minimal stratum of Cp, and let Pp be the number of isomorphism
classes of principally polarized varieties in Sp. The ring Rp is convenient by Corollary 3.2. The real order
R+p is maximal and so has trivial conductor, and since K/K
+ is ramified at an odd prime, we again find
from Corollary 4.4 that the norm map PicRp → Pic+R+p is surjective. The ramification of K/K+ at an odd
prime, together with Corollary 1.2, tells us that Pp = h
−
Rp
.
We have ∣∣∆Rp ∣∣ = ∣∣NK/Q(pi − pi)∣∣∆2R+p = (16p2 − 12p+ 1) · 25
so that ∣∣∆Rp/∆R+p ∣∣ = 5(16p2 − 12p+ 1).
Theorem 5.2 then tells us that as p→∞ we have Pp ∼∼ p.
Example 7.3. For every prime p that is congruent to 7 modulo 8, let cp be the largest integer less than
2
√
p− 1, and let fp be the polynomial
fp = x
4 + (1− 2cp)x3 + (2p+ c2p − cp − 1)x2 + p(1− 2cp)x+ p2.
Once more we claim that fp is the Weil polynomial of a simple ordinary isogeny class Cp over Fp, and again
we prove this by showing that the algebra K = Q[x]/(fp) is a CM field and that the middle coefficient of fp
is coprime to p.
Let pi be the image of the polynomial variable x in K, let pi = p/pi, and let α = pi + pi. We check that
α2 − (2cp − 1)α+ (c2p − cp − 1) = 0,
so once again we find that K contains the quadratic field K+ = Q(
√
5). In fact, α = cp − ϕ, where ϕ ∈ K+
satisfies ϕ2 − ϕ − 1 = 0. The algebra K is obtained from K+ by adjoining a square root of α2 − 4p. This
quantity is totally negative, so K is a CM field.
For p < 100, explicit computation shows that the middle coefficient of fp is coprime to p. For p > 100,
we write cp = 2
√
p− ε for a real number ε in the interval (1, 2), and we compute that the middle coefficient
of fp is equal to
6p− (4ε+ 2)√p+ ε2 + ε− 1.
This lies strictly between 5p and 6p, so the middle coefficient is not a multiple of p for these primes as well.
Thus fp is the Weil polynomial of a simple ordinary isogeny class Cp of abelian surfaces over Fp.
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Let Rp be the minimal order of Cp. Arguing as in Example 7.2 we find that R+p is the maximal order
of Q(
√
5) and that K/K+ is ramified at an odd prime. If we let Pp denote the number of isomorphism classes
of principally polarized varieties in the minimal stratum of Cp, then once again we have that Pp = h−Rp .
Writing cp = 2
√
p− ε for some ε ∈ (1, 2), we compute that∣∣NK/Q(pi − pi)∣∣ = NK+/Q(α2 − 4p)
= c4p − 2c3p − (8p+ 1)c2p + (8p+ 2)cp + (16p2 − 12p+ 1)
= 16(ε2 + ε− 1)p− 4(2ε3 + 3ε2 − ε− 1)√p+ (ε4 + 2ε3 − ε2 − 2ε+ 1).
If we view this expression as a function of ε, we find that the extreme values of the function on the interval
[1, 2] are attained at the endpoints, and it follows that
16p− 12√p+ 1 < ∣∣NK/Q(pi − pi)∣∣ < 80p− 100√p+ 25.
From this we see that for p > 144 we have
75p <
∣∣∆Rp/∆R+p ∣∣ < 400p,
so Theorem 5.2 says that as p→∞ we have Pp ∼∼ p1/2.
Remark 7.4. In Example 7.1, one of the two Frobenius angles of the isogeny classes approaches 0, while the
other remains near pi/2. In Example 7.2, the two Frobenius angles both approach pi/2. And in Example 7.3,
both Frobenius angles approach 0.
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Appendix: Letter to Nick Katz
We attach here the letter from the author to Nick Katz mentioned in the introduction. We have corrected
two typographical errors, but have left the letter otherwise unchanged.
Date: Thu, 26 Oct 2000 11:48:55 -0700 (PDT)
From: "Everett W. Howe" <however@alumni.caltech.edu>
To: Nick Katz <nmk@math.princeton.edu>
Subject: Frobenius eigenvalue distribution
Dear Nick,
I’ve come up with a pretty simple heuristic argument "explaining"
the limiting distribution of Frobenius eigenvalues for principally
polarized abelian varieties over finite fields, and I wonder whether
you and Sarnak had thought of this as well. I’m not optimistic about
the chances of turning the argument into an actual proof --- it uses
the Brauer-Siegel theorem at a certain point, and loses a lot of
accuracy at that point --- but it probably can be made to prove a
weaker version of your theorem with Sarnak.
Of course you know of the following heuristic for elliptic curves:
The number of elliptic curves with trace t over F_q is equal to
the class number of the imaginary quadratic order of discriminant
Delta = t^2 - 4*q, and you expect that the class number will be
about Sqrt(|Delta|), so you expect to get the familiar semi-circular
distribution of traces. What I can do is generalize this heuristic
to higher dimensions.
Here’s the argument:
Consider an isogeny class C of n-dimensional abelian varieties over
a finite field F_q. Let’s assume that C is *ordinary* and that C is
*simple*. Then the Weil polynomial associated to C is an irreducible
polynomial f of degree 2n. Let pi be a root of f in Qbar, let K be
the CM-field Q(pi), and let K+ be the maximal real subfield of K.
Let pibar be the complex conjugate of pi.
Consider the order R = Z[pi, pibar] of K and the order R+ = Z[pi+pibar]
of K+. I want to make the following assumptions:
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1. R is the maximal order of K
(which implies that R+ is the maximal order of K+);
2. K is ramified over K+ at a finite prime;
3. The unit group of R is equal to the unit group of R+.
(It will still be possible to say something when these assumptions
are not met, but they make life easier, and they are not too
unreasonable.)
Now, the abelian varieties in the isogeny class C correspond (via
Deligne’s paper [Invent. Math. 8 1969 238--243]) to the isomorphism
classes of those finitely-generated R-modules that can be embedded
as lattices in K. Our first assumption implies that the isomorphism
classes of these R-modules are simply the ideal classes of K.
My thesis [Trans. Amer. Math. Soc. 347 (1995) 2361--2401] shows that
there is an ideal class J in the narrow class group of K+ with the
following property: An ideal class I of K corresponds to an abelian
variety that has a principal polarization if and only if N(I) = J,
where N is the norm from the class group of K to the narrow class group
of K+.
Our second assumption shows that this norm map is surjective, so we
find that the number of abelian varieties in C that have a principal
polarization is equal to the quotient h(K) / h+(K+) of the class number
of K by the narrow class number of K+.
Now, if an abelian variety A in C has at least one principal
polarization, then the number of non-isomorphic principal polarizations
on A is equal to the index
[(totally positive units of K+) : (norms of units of K)]
and our third assumption shows that this index is equal to
[(totally positive units of K+) : (squares of units of K+)],
and this index is equal to the quotient of the narrow class number
of K+ by the regular class number of K+.
Thus, the number of principally-polarized varieties (A,lambda) with
A in C is equal to the quotient h(K)/h(K+).
Now let’s use Brauer-Siegel. It is easy to show that the discriminant
of the ring R = Z[pi,pibar] is equal (up to sign) to the norm from K
to Q of (pi - pibar) times the square of the discriminant of R+.
Thus, the ratio of Delta(R) to Delta(R+) is equal to
N(pi-pibar)*Delta(R+).
Let pi_1, ..., pi_n, pibar_1, ..., pibar_n be the images of pi in the
complex numbers, and let theta_1, ..., theta_n be the corresponding
arguments. Then N(pi-pibar) is equal to a certain power of q times a
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certain power of 2 times the product
\prod_{i} (\sin\theta_i)^2
and the discriminant of R+ = Z[pi+pibar] is equal to a certain power of
q times a certain power of 2 times the product
\prod_{i<j} (\cos\theta_i - \cos\theta_j)^2 .
Now, from Brauer-Siegel we *expect* that
h(K)/h(K+) is about Reg(K+)/Reg(K) * Sqrt(Delta(K)/Delta(K+)).
Now, Reg(K+)/Reg(K) is just 2^(1-n) because of our third assumption,
so up to a certain power of q and a certain power of 2, we have
h(K)/h(K+) is about Sqrt(N(pi-pibar)*Delta(R+))
which is about the absolute value of
\prod_{i} (\sin\theta_i) * \prod_{i<j} (\cos\theta_i - \cos\theta_j).
========================================================================
OK. So the above function is giving us the distribution of PPAVs with
respect to Lebesgue measure on the "coefficient space" of the first n
coefficients of the characteristic polynomials of Frobenius. It’s a
nice little exercise to show that changing from this measure to Lebesgue
measure on the space of Frobenius angles theta_i introduces a Jacobian
factor proportional to
\prod_{i} (\sin\theta_i) * \prod_{i<j} (\cos\theta_i - \cos\theta_j).
So, taking the product of the Jacobian factor with the distribution
function given above, we find that the distribution of Frobenius angles
with respect to Lebesgue measure on the angle-space is given by
something proportional to
\prod_{i} (\sin\theta_i)^2 * \prod_{i<j} (\cos\theta_i - \cos\theta_j)^2.
========================================================================
As I mentioned, it doesn’t seem likely that this could be made more
rigorous (because of the Brauer-Siegel step), but probably it could
be made to prove something about (say) the log of the Frobenius angle
distribution.
In any case, I think it does shed some light on where the distribution
is coming from --- the distribution is simply reflecting the relative
sizes of a couple of discriminants that naturally occur when considering
abelian varieties.
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========================================================================
What do you think of all this?
All the best,
Everett
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